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It is known that the lower bound for the geometric dilation of rectiﬁable simple closed
curves in the Euclidean plane is π/2, which can be attained only by circles. We extend this
result to (normed or) Minkowski planes by proving that the lower bound for the geometric
dilation of rectiﬁable simple closed curves in a Minkowski plane X is analogously a quarter
of the circumference of the unit circle S X of X , but can also be attained by curves that are
not Minkowskian circles. In addition we show that the lower bound is attained only by
Minkowskian circles if the respective norm is strictly convex.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
For any rectiﬁable simple closed curve C in the Euclidean plane, the geometric dilation δE (C) of C (see [4]) is the number
deﬁned by
δE (C) := sup
p,q∈C, p =q
dC (p,q)
|pq| ,
where dC (p,q) is the minimum of the lengths of the two curve parts of C connecting p and q, and |pq| is the Euclidean
distance between p and q. Ebbers-Baumann et al. [4] proved that the lower bound for the geometric dilation of closed
curves is π/2 (this bound was already obtained by Gromov; see [5] and [6]), and that the circle is the only closed curve
achieving this lower bound.
It is necessary to study the geometric dilation problem in a much wider framework since, in many cases, it is more
meaningful to replace the Euclidean distance in the deﬁnition above by a different one. Here is an example. Let G be
a grid on R2 as shown in Fig. 1. When points are allowed to move only on the grid, the distance between two points
should be given by the taxicab norm (i.e., the unit circle of this norm is a parallelogram with vertices (0,1), (1,0), (0,−1),
and (−1,0)), and therefore it makes more sense to calculate the dilation of a closed curve on this grid by using the taxicab
norm. And the aim of the present paper is to calculate lower bounds of geometric dilations of closed curves not only for
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this, but for all norms. Therefore our paper refers to arbitrary Minkowski planes (i.e., two-dimensional real normed linear
spaces).
By X we denote a (normed or) Minkowski plane with norm ‖ · ‖. The unit disc B X of X , which is a convex ﬁgure centered
at the origin o, has the unit circle S X of X as its boundary, also denoted by ∂BX . If BX is even strictly convex (i.e., S X does
not contain a non-degenerate line segment), then X is a strictly convex Minkowski plane. Any homothet of S X is said to be
a circle in X . By [p,q] we denote the segment (possibly degenerate) between two points p,q ∈ X . By a curve C in X we
mean the range of a continuous function φ that maps a closed bounded interval [α,β] into X . The curve C deﬁned by
φ : [α,β] → X is called closed if [α,β] is replaced by a Euclidean circle, say, and it is simple if it has no self-intersections.
Furthermore, C is said to be rectiﬁable if the set of all Riemann sums{
n∑
i=1
∥∥φ(ti) − φ(ti−1)∥∥: (t0, t1, . . . , tn) is a partition of [α,β]
}
with respect to the norm ‖ · ‖ of X is bounded from above. If C is a rectiﬁable curve, then we denote by |C | the length of C ,
i.e.,
|C | := sup
{
n∑
i=1
∥∥φ(ti) − φ(ti−1)∥∥: (t0, t1, . . . , tn) is a partition of [α,β]
}
.
Deﬁnition 1. For any rectiﬁable simple closed curve C ⊂ X , the geometric dilation δX (C) of C is deﬁned by
δX (C) := sup
p,q∈C, p =q
dC (p,q)
‖p − q‖ ,
where dC (p,q) is the minimum of the lengths of the two curve arcs of C connecting p and q. The dilation δC (p,q) of p
and q in C is the ratio of dC (p,q) and the Minkowskian distance between p and q.
The geometric dilation was already studied for open curves, polygonal chains, graphs, and point sets; see, e.g., [2,3,7]
and, for computational approaches, [1].
2. Lower bounds in Minkowski planes
Actually, Ebbers-Baumann et al. [4] presented two different ways to show that the lower bound for the geometric dilation
in the Euclidean plane is π/2. The ﬁrst one is based on the two-dimensional version of Cauchy’s surface area formula,
which cannot be carried over directly to general Minkowski planes. (To see this, consider the Minkowskian unit circle of the
Minkowski plane on R2 with the taxicab norm. Clearly, it is of constant Minkowskian width 2 and has length 8. However,
the curve length obtained by applying the two-dimensional Cauchy’s surface area formula is 2π , which is apparently not
true.) For the extension of Cauchy’s surface area formula we refer to Section 6.3 in [11]. The other way in [4] is by processing
a series of simpliﬁcations of the original problem, yielding again the result that the lower bound is attained only by circles.
Both these ways are based on the Euclidean version of the following lemma.
Lemma 2. Let C be a rectiﬁable simple closed curve in the Minkowski plane X, and ∂ conv(C) be the boundary of its convex
hull conv(C). Then |C | |∂ conv(C)|.
This lemma is obvious by considering a “very good” polygonal approximation of ∂ conv(C), which then is “very close” to
a polygonal approximation of C . Since an “even better” polygonal approximation of C (whose vertices are along C ) could be
larger, in the limit we get this inequality. (More generally, this statement is even true in any projective metric deﬁned on
a convex set, i.e., a metric which behaves normally on straight lines regarding segment addition together with the triangle
inequality.) Thus, in details the proof of Lemma 2 is analogous to the proof given in [9] for the Euclidean case, and so
we omit these details here. Schaer [9] also proved that |C | = |∂ conv(C)| if and only if C = ∂ conv(C), which is not true in
general Minkowski planes. For example, let X be the Minkowski plane induced on R2 by the taxicab norm (i.e., S X is the
H. Martini, S. Wu / Computational Geometry 42 (2009) 315–321 317Fig. 2. The length of the reﬂection of a curve is not equal to the length of that curve.
Fig. 3. Case 2: p ∈ ∂ conv(C) and q ∈ ∂ conv(C) ∩ C .
parallelogram with vertices (±1,0), (0,±1)), and C be the polygon which linearly connects (0,1), (0,0), (1,0), (0,−1),
(−1,0), (0,1) in that order. Then ∂ conv(C) = S X = C , and |C | = |∂ conv(C)| = 8.
As a direct corollary of Lemma 2 we have the following:
Corollary 3. Let p and q be two points lying on a rectiﬁable simple closed curve C in the Minkowski plane X such that {p,q} ⊂
(C ∩ ∂ conv(C)). Then dC (p,q) d∂ conv(C)(p,q).
Similar to the approach in [4], our ﬁrst step to obtain the general lower bound for geometric dilations of closed curves
in a Minkowski plane is to show that for any rectiﬁable simple closed curve C we can ﬁnd a closed convex curve with
a geometric dilation not larger than δX (C). Then we show that the maximum dilation of a closed convex curve is attained
by a halving pair of points, see Deﬁnition 5 below. Finally, a result from Minkowski geometry will be applied to obtain the
lower bound on the geometric dilation of rectiﬁable simple closed curves in Minkowski planes.
Lemma 4. Let C ⊂ X be a rectiﬁable simple closed curve. Then
δX
(
∂ conv(C)
)
 δX (C).
Proof. The proof of Lemma 9 in [4] can be carried over to prove this lemma here, except for one detail only: To prove
|p′q| |pq| in one subcase of Case 2 there, the authors used the facts that the bisector of two points in the Euclidean plane
is a line and that the mirror of a curve with respect to a given line has the same length as the original curve, which does
not hold in general Minkowski planes, see the example provided in Fig. 2. So we have to provide a new method to show
that ‖p′ − q‖ ‖p − q‖ in this subcase. We include a complete proof to make this paper self-contained.
We will prove that for any pair of points {p,q} ⊂ ∂ conv(C) we can ﬁnd a corresponding pair of points {p˜, q˜} ⊂ C not
having smaller dilation, i.e. δC (p˜, q˜) δ∂ conv(C)(p,q). We distinguish three cases:
Case 1: p,q ∈ ∂ conv(C) ∩ C . In this case we pick p˜ := p and q˜ := q. By Corollary 3, d∂ conv(C)(p,q) dC (p,q) holds and
this implies δ∂ conv(C)(p,q) δC (p,q) = δC (p˜, q˜).
Case 2: p ∈ ∂ conv(C)\C and q ∈ ∂ conv(C)∩C . Let [a,b] be the line segment of ∂ conv(C) so that p ∈ [a,b] and [a,b]∩C =
{a,b} (see Fig. 3). Let C in denote the path on C connecting a and b that is contained in the interior of the convex hull, and
let Cout := C\C in be the other path on C connecting a and b. Clearly, C lies in one of the half-planes H bounded by
the line passing through a and b. Then q is contained in H . By the conditions of Case 2 the point q cannot be part of
C in ⊂ C\∂ conv(C). Hence q ∈ Cout. Since C is simple, Cout cannot intersect C in, and by the deﬁnition of [a,b] it cannot
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(p′′ , resp.) be the point on C in satisfying dC (a, p′) = ‖a − p‖ (dC (b, p′′) = ‖p − b‖, resp.). Clearly, p′ (p′′ , resp.) is contained
in the Minkowskian ball centered at a (b, resp.) and having radius ‖p − a‖ (‖p − b‖, resp.). Hence the two rays emanating
from p through p′ (p′′ , resp.) divide H into three parts. If we remove the closed region bounded by Cab ⊕ [a,b], we get
three regions (from left to right) R1, R2 and R3 whose union contains q (see Fig. 3). We note that the closure of R2 could
degenerate to a ray, since in a non-strictly convex Minkowski plane it is possible that p′ = p′′ .
If q ∈ R2, then [p,q] intersects C in in a point p˜ between p′ and p′′ . It follows that ‖p˜ − q‖ ‖p − q‖ and
dC (p˜,q) = min
{
dC (p˜,a) + dC (a,q),dC (p˜,b) + dC (b,q)
}
min
{
dC (p
′,a) + dC (a,q),dC (p′′,b) + dC (b,q)
}
min
{
d∂ conv(C)(p,a) + d∂ conv(C)(a,q),d∂ conv(C)(p,b) + d∂ conv(C)(b,q)
}
= d∂ conv(C)(p,q), (1)
and we conclude that δ∂ conv(C)(p,q) δC (p˜,q). Choosing q˜ := q completes the proof of this subcase of Case 2.
If q ∈ R1, we have dC (p′,q)  d∂ conv(C)(p,q) which follows analogously to (1). We will show that ‖p′ − q‖  ‖p − q‖.
Namely, let p¯ be a point of intersection of the segment between p and q and the curve C p
′
a . Then
‖p¯ − p′‖ + ‖p¯ − a‖ dC (a, p′) = ‖p − a‖,
and therefore
‖p¯ − p′‖ ‖p − a‖ − ‖p¯ − a‖ ‖p − p¯‖.
Hence
‖p′ − q‖ ‖p¯ − p′‖ + ‖p¯ − q‖ ‖p − p¯‖ + ‖p¯ − q‖ = ‖p − q‖.
Finally, δ∂ conv(C)(p,q) δC (p′,q), and we can choose p˜ := p′ and q˜ := q to complete the proof.
In the last subcase of Case 2 the point q is contained in R3. But then we can argue analogously to the case q ∈ R1.
Case 3: p,q ∈ ∂ conv(C)\C . If p and q are located on the same line segment of ∂ conv(C), we have
δ∂ conv(C)(p,q) = 1 δC (p′,q′)
for any {p′,q′} ⊂ ∂ conv(C).
In the remaining case, we can apply the step of Case 2 twice. First, consider the cycle C ′ := ∂ conv(C)\[a,b] ∪ C in, where
[a,b] is replaced by C in in ∂ conv(C) and everything is deﬁned as in Case 2. Again we can ﬁnd a point p˜ ∈ C in ⊂ C ′ so that
δC ′ (p˜,q)  δ∂ conv(C)(p,q). Next, we can apply the arguments of Case 2 to the pair (q, p˜) instead of (p,q) and C ′ instead
of ∂ conv(C). We get a point q˜ ∈ C so that δC (p˜, q˜) δC ′ (p˜,q) δ∂ conv(C)(p,q). 
Deﬁnition 5. Let p ∈ C be a point on a rectiﬁable simple closed curve C . We say that (p, pˆ) is a halving pair of C whenever
pˆ is a point in C such that dC (p, pˆ) = |C |/2.
Next we show that for a closed convex curve C , δX (C) is attained by a halving pair. Our proof is valid for any Minkowski
plane and relatively short. But ﬁrst we need to show the existence of a halving pair for any direction v ∈ S X .
Lemma 6. Let C be a rectiﬁable simple closed convex curve in the Minkowski plane X. Then for every direction v ∈ S X there exists
a unique halving pair (p, pˆ) (i.e., p − pˆ = ‖p − pˆ‖v).
Proof. First we show the existence of the halving pair for every direction.
For every direction v ∈ S X there exist two lines of direction v supporting C . We denote them by l1, l2 and suppose that
l1 ∩ C = [a,b] and l2 ∩ C = [c,d]. Then ‖b − a‖ |C |2 and ‖d− c‖ |C |2 . In case that either ‖b − a‖ = |C |2 or ‖d− c‖ = |C |2 , we
can choose p = a and pˆ = b, or p = c and pˆ = d.
If ‖b − a‖ < |C |2 and ‖d − c‖ < |C |2 , then choose z1 ∈ [a,b] and z2 ∈ [c,d]. Note that, for any λ ∈ (0,1), the line through
(1− λ)z1 + λz2 of direction v must intersect C in two points pλ and pˆλ . Let f (λ) be the function deﬁned as the difference
between the length of the curve part of C which contains z1 and connects pλ to pˆλ , and the length of the curve part of C
which contains z2 and connects pλ to pˆλ . Then f (λ) is continuous, limλ→0 f (λ) = 2‖b − a‖ − |C | < 0, and limλ→1 f (λ) =
|C | − 2‖d − c‖ > 0. Hence there exists a number λ0 ∈ (0,1) such that f (λ0) = 0, which gives dC (pλ0 , pˆλ0 ) = |C |/2. With
p = pλ0 and pˆ = pˆλ0 , (p, pˆ) is a halving pair of C .
To show uniqueness we assume that there exists a direction v ∈ S X such that we have two distinct halving pairs (p, pˆ)
and (p′, pˆ′) with respect to v . Since C is convex, the intersection of the line l passing through p and pˆ and conv(C) is
exactly the segment [p, pˆ]. Then p′ and pˆ′ have to lie in the same half plane bounded by l. Then, since the arc lengths
connecting p and p′ , as well as pˆ and pˆ′ , are larger than 0, (p′, pˆ′) cannot be a halving pair, a contradiction. Hence the
halving pair for a given direction is unique. 
H. Martini, S. Wu / Computational Geometry 42 (2009) 315–321 319Remark 7. In Minkowski planes it is possible that there exists a rectiﬁable simple closed curve C containing a segment
having length |C |2 on it, and that is why our proof of Lemma 6 is slightly different from that of Lemma 3 in [4]. Take, e.g.,
the Minkowski plane on R2 with unit ball conv{(±1,±1)} (maximum norm), and consider the points x = (1,1), y = (−1,1).
Then the length of the curve C formed by the segments connecting o with x, x with y, and y with o is 4, while the length
of the segment connecting x and y, which is contained in C , is 2.
Lemma 8. Let C be a rectiﬁable simple closed convex curve. Then its maximum dilation is attained by a halving pair. This implies that
δX (C) = |C |2h(C) , where
h(C) := inf
v∈S X
{‖p − pˆ‖: (p, pˆ) is the halving pair of direction v}.
Proof. Since there exists a halving pair (pv , pˆv ) for any direction v , we have
δX (C)
dC (pv , pˆv )
‖pv − pˆv‖ =
|C |
2‖pv − pˆv‖ .
Therefore,
δX (C) sup
v∈S X
|C |
2‖pv − pˆv‖ =
|C |
2 infv∈S X ‖pv − pˆv‖
= |C |
2h(C)
.
For any different p1, p2 ∈ C there exists a halving pair (p, pˆ) of direction p1−p2‖p1−p2‖ . By [8, Proposition 29] (cf. also [10, 4E])
we have
dC (p1, p2)
‖p1 − p2‖ 
dC (p, pˆ)
‖p − pˆ‖ 
|C |
2h(C)
.
Thus δX (C) |C |2h(C) , since p1 and p2 are chosen arbitrarily from C .
On the other hand, by compactness of C there exists a point p ∈ C such that ‖p − pˆ‖ = h(C), and therefore
dC (p, pˆ)
‖p − pˆ‖ = δX (C),
which completes the proof. 
The following lemma is the two-dimensional case of a result proved by H.S. Witsenhausen for Minkowski spaces (i.e.,
real ﬁnite dimensional Banach spaces) of dimensions d  2, where we can replace the half-girth in the higher dimensional
cases d 3 by |S X |/2 (cf. [12] and [11, p. 291]).
Lemma 9. (Cf. [12] or [11, Theorem 9.4.8].) Let C be a rectiﬁable simple closed curve in a Minkowski plane X. Then |C | (|S X |/2)h(C).
Moreover, this inequality is best possible.
Theorem 10. For the dilation of any rectiﬁable simple closed curve C in X we have δX (C) |S X |/4.
Proof. From the foregoing discussion we have
δX (C)
Lemma 4
 δX
(
∂ conv(C)
) Lemma 8= |∂ conv(C)|
2h(∂ conv(C))
Lemma 9
 |S X |/4,
yielding the proof. 
Ebbers-Baumann et al. [4] also showed that the circle is the only closed curve achieving a dilation of π/2 in the Euclidean
plane. However, the analogue of this characterization of circles does not hold in general Minkowski planes.
For example, let X be the Minkowski plane whose unit circle S X is the convex polygon with vertices (−1,−1),
(−1,π − 3), (3− π,1), (1,1), (1,3−π), (π − 3,−1). Then one can easily verify |S X | = 2π . Now we add two new vertices
(0,π − 2) and (0,2 − π) to this polygon, denoting by C the convex hull of all eight points, i.e., the new convex polygon
with eight vertices. Then |C | = |S X | = 2π and h(C) = h(S X ) = 2. Hence δX (C) = π/2.
However, with the help of the halving pair transformation we can show that the lower bound for geometric dilations in
strictly convex Minkowski planes can only be attained by circles.
Deﬁnition 11. Let C be an arbitrary rectiﬁable simple closed convex curve. Then the parameterized halving pair transformation
of C is the closed curve C∗ by
c∗(t) := 1
2
(
c¯(t) − c¯
(
t + |C |
2
))
,
where c¯(·) is an arc-length parameterization of C and t + |C |/2 is calculated modulo |C |.
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Lemmas 19 and 20 in [4], since strict convexity of the norm is assumed.
Lemma 12. Let C be a rectiﬁable simple closed convex curve in a strictly convex Minkowski plane. Then |C | |C∗|, with equality if and
only if C is centrally symmetric.
Proof. It follows from the uniqueness of halving pair in a given direction that C∗ is simple. Let c¯(·) be an arc-length
parameterization of C . Then
|C | =
|C |
2∫
0
∥∥ ˙¯c(t)∥∥+ ∥∥∥∥ ˙¯c
(
t + |C |
2
)∥∥∥∥dt 
|C |
2∫
0
∥∥∥∥ ˙¯c(t) − ˙¯c
(
t + |C |
2
)∥∥∥∥dt
= 2
|C |
2∫
0
∥∥c˙∗(t)∥∥dt =
|C |∫
0
∥∥c˙∗(t)∥∥dt = |C∗|.
If equality holds, then the triangle inequality implies that
∥∥ ˙¯c(t)∥∥+ ∥∥∥∥ ˙¯c
(
t + |C |
2
)∥∥∥∥=
∥∥∥∥ ˙¯c(t) − ˙¯c
(
t + |C |
2
)∥∥∥∥
for almost every t ∈ [0, |C |/2]. Since X is strictly convex and ‖˙¯c(t)‖ = 1 for almost every t ∈ [0, |C |/2], ˙¯c(t) = −˙¯c(t + |C |2 )
holds for almost every t ∈ [0, |C |/2]. Without loss of generality we suppose that c¯(0) = −c¯( |C |2 ). Then
c¯(t) = c¯(0) +
t∫
0
˙¯c(τ )dτ = −c¯
( |C |
2
)
+
t∫
0
−˙¯c
(
τ + |C |
2
)
dτ = −c¯
(
t + |C |
2
)
,
which means that C is centrally symmetric. 
Theorem 13. Let X be a strictly convex Minkowski plane. Then the circles of X are the only rectiﬁable simple closed curves that can
attain |S X |/4, i.e., a quarter of their Minkowskian circumference as their geometric dilation.
Proof. Suppose that C is a rectiﬁable simple closed curve with a geometric dilation |S X |/4 which is not a circle. First we
consider the case when C is convex and centrally symmetric. Without loss of generality we can assume that C is symmetric
with respect to the origin. Then it is trivial that the circle 12h(C)S X is inscribed in C , and that conv(
1
2h(C)S X ) is a proper
subset of conv(C). Hence there exists a point p ∈ 12h(C)S X\C . It is clear that p is an interior point of conv(C), and therefore
any line passing through p intersects C at exactly two points. Let pˆ be the point of intersection of C and the ray starting
from the origin and passing through p; p1 and p2 be the points of intersection of C and the line supporting 12h(C)S X
at p. Then there will be an arc C0 of C connecting p1 and p2 which does not pass through pˆ. Let C1 be the closed convex
curve formed by C0 and the segment between p1 and p2, and C2 be the closed convex curve formed by C0, the segment
between pˆ and p1, and the segment between pˆ and p2. Since X is strictly convex, we have∣∣∣∣12h(C)S X
∣∣∣∣ |C1| < |C2| |C |.
Hence
δX (C) = |C |
2h(C)
>
| 12h(C)S X |
2h(C)
 |S X |
4
.
If C is centrally symmetric but not convex, then ∂ conv(C) is centrally symmetric but not strictly convex, and therefore
not a circle. Hence
δX (C) δX
(
∂ conv(C)
)
>
|S X |
4
.
If C is convex but not centrally symmetric, we have |C∗| < |C |. Thus
δX (C) = |C |
2h(C)
>
|C∗|
2h(C∗)
 |∂ conv(C
∗)|
2h(∂ conv(C∗))
= δX
(
∂ conv(C∗)
)
 |S X |
4
.
Suppose now that C is neither centrally symmetric nor convex. If ∂ conv(C) is centrally symmetric, then (since ∂ conv(C)
is not strictly convex) it cannot be a circle. Hence
δX (C) δX
(
∂ conv(C)
)
>
|S X |
.4
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δX (C) δX
(
∂ conv(C)
)
>
|S X |
4
,
and the proof is complete. 
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